Abstract This paper presents a novel method for finding the optimal control, state and cost of linear time-delay systems with quadratic performance indices. The basic idea here is to convert a time-delay optimal control problem into a quadratic programming one which can be easily solved using MATLAB . To implement this idea we choose a state and control parameterization method by using Chebyshev wavelets. The inverse time operational matrix of Chebyshev wavelets is introduced and applied for parameterizing state and control terms containing inverse time. The method is also applicable to linear quadratic time-delay systems with combined constraints. Illustrative examples demonstrate the validity and applicability of the approach which new expansions for initial vector functions of state and control variables are defined.
Introduction
A time-delay (TD) system is a system in which time delays occur between the application of the delayed variables to the system and their resulting effect on it. The TD system can be constructed either with inherent delays in the components or with a deliberate application of time delays into the system for some purposes [1] . Delays occur frequently in chemical processes, electronic, aerospace and mechanical systems, transmission lines and industrial processes. A mathematical model of a system such as population growth, epidemic growth, economic growth and neural networks results in a delay differential equation involving the variable time [2] . The extension of Pontryagin Maximum Principle on optimal control system with delays, as described by Kharatishvili in [3] , constitute a twopoint boundary value problem which its solution is usually very difficult due to the coupled nature of the solutions. In some papers [8, 9, 10, 17] , orthogonal functions and polynomials, such that block-pulse and Walsh functions, Chebyshev and Legendre polynomials, were applied to find the optimal control of TD systems. We can see the properties of Chebyshev polynomials in [12] produce an approximating function which minimizes error in its application. Chebyshev polynomials form a special class of polynomials especially suited for approximation theory. These polynomials as scaled Mother functions, are basis of Chebyshev wavelets [13] .
In this paper, we introduce a direct method to solve the linear quadratic optimal control problems with delays and inverse time terms. The method consists of transforming the original optimal control problem to a quadratic programming (QP) one by using Chebyshev scaling functions and then solving the converted problem. We do not need a special program to solve the QP problem and many numerical methods are available to solve it. We can use
The product operational matrix of Chebyshev wavelets
Let f be a row vector defined in (4) . Then the product operational matrix of two Chebyshev wavelet vectorsf is obtained from:
as a 2 k−1 M × 2 k−1 M matrix and can be found by the compact support property (6) in the form of a block diagonal matrix asf = blkdiag(f 1 ,f 2 , . . . ,f 2 k−1 ).
Assumef n = [f n ab ] where a = m + 1 and b = m + 1. The M × M matricesf n are determined by using (1) and the recurrence relation of Chebyshev polynomials on the left side of (10) , and then equating coefficients of same wavelet on both sides of (10) . So from ψ n0 (t)ψ nm (t) = 
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where
and
The delay operational matrix of Chebyshev wavelets
The delay Chebyshev scaling function Ψ(t − t d ) is the shifted function of Ψ(t) along the t-axis and it is found to be as
where D is the 2 k−1 M × 2 k−1 M delay operational matrix of Chebyshev wavelets. We use (1) to compute D;
Note that if t f = 1 then we let t/t f → t. From (1) it follows that when
2 k−1 into this inequality, yields
Consequently D is a sparse matrix and has the following structure:
thus this matrix can be written compactly as
Throughout this paper we use 0 and I to denote the zero and identity matrices, respectively.
The inverse time operational matrix of Chebyshev wavelets
Some linear time-varying systems comprise the expressions x(t f − t) and/or u(t f − t) in their state equations. For expanding these terms by Chebyshev scaling functions we can write (by setting t/t f → t)
where we denote the inverse time operational matrix of Chebyshev wavelets by Υ. To find this matrix, we can write
In other words, when n = 1, 2, . . . ,
in which Z is a M × M diagonal matrix as
The operational matrix of Chebyshev wavelets for integration
The integration of the Chebyshev wavelet vector on the interval [0, t] can be obtained as
The matrix P is called the operational matrix of Chebyshev wavelets for integration, where
. .
Y and J are M × M matrices given by 
and using the properties of Chebyshev polynomials, we deduce that L is a 2 k−1 M × 2 k−1 M symmetric matrix and can be obtained by integrating the entries of Ψ(t)Ψ (t) from 0 to 1. This may be done by introducing the auxiliary row vector φ n (t) = [ψ n0 (t), ψ n1 (t), . . . , ψ nM −1 (t)] and using (1) as follows,
We let L n = [l n ab ] M ×M , where a and b are the same as before. When m = m = 0, we simply have l 11 = 2 π ; otherwise, from (8) we see that Clearly one can see that when m + m is odd, then l n ab = 0. It is apparent the values of the entries l n ab of L n depend not on n but only on m and m , thus
Hence the integration matrix of the product of two Chebyshev wavelet vectors takes the form
For instance if M = 8, then 
3. QP representation of an optimal control problem
Problem statement and Approximation process
In this section we use the above-mentioned results to model a linear quadratic TD control problem as a QP one. Consider a linear TD systeṁ
with a quadratic performance index (PI) or cost functional
where x(t) ∈ R q and u(t) ∈ R r are state and control vectors, E(t), F(t), G(t), H(t), V(t) and W(t) are piecewisecontinuous matrices of compatible dimensions, t dx and t du represent state and control delays, respectively, x 0 is an initial condition vector, α(t) and β(t) are, respectively, q-and r-dimensional initial state and initial control vector functions, T and Q(t) are positive semi-definite matrices and R(t) is a positive definite matrix. The problem is to find u * (t), x * (t) and J * such that the PI in (29) is minimized while satisfying Eqs. (26)- (28), where * indicates optimal value.
First we approximate the system dynamics. Since Chebyshev wavelets are defined on [0, 1], it makes sense to define a new variable by = t/t f ; replacing t by , the state equation (26) becomeṡ
(30) where x = t dx /t f and u = t du /t f . By integrating (30) from 0 to and rearranging, we get
(31) In the approximation process we will use the symbolsˆand¯placed on top of a matrix to denote Kronecker product of the matrix and I q and Kronecker product of the matrix and I r , respectively. We parameterize the state and control vectors as
where X and U are 2 k−1 qM × 1 and 2 k−1 rM × 1 column vectors of unknown parameters and represented by
Our immediate goal is to find X and U from the optimization. Using (3), the initial state can be expanded in terms of Chebyshev wavelets as
where we have
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Also for the matrices E( ) and G( ) we can write
where 
In like manner we take
where F, V, H and W are constant matrices of dimensions
k−1 rM , respectively. Now using (10) and (19), we see that
Likewise, by also knowing
Assume
By (13) we can expand x( − x ) and u( − u ) in terms of Chebyshev scaling function. Doing this gives, in turn,
A and B are 2 k−1 qM × 1 and 2 k−1 rM × 1 column vectors of constants; here we define them as follows
in which
cos mθ dθ for n = 1, 2, . . . , n dx , n = 1, 2, . . . , n du , and n dx and n du are obtained by (14) as n dx = 2 
(45) Finally, using (16) , (10) and (19) for the inverse time terms yields
Substituting these findings into (31) gives uŝ
As a result
where s = 2 k−1 M andẼ,F,Ṽ,G,H andW are of dimensions qs × qs, qs × qs, qs × qs, qs × rs, qs × rs and qs × rs, respectively and can be obtained from (11) and (12) . For expample,
Now we approximate the terminal cost function in addition to the integral cost function (Bolza type) by writing the weighting matrices as Q( ) = QΨ( ) and R( ) = RΨ( ) like E( ) and G( ) and using(10):
in whichQ andR are obtained by using (11) and (12) similarly toẼ. Finally, form (22) , it follows that
3.1.1. Compatibility constraint The proposed method follows a procedure in which the interval [0, 1] is divided into 2 k−1 subintervals. To ensure the continuity of the obtained state functions on the segment interfaces (boundary points) which are given by t i = i 2 k−1 , i = 1, 2, . . . , 2 k−1 − 1, we enforce the following compatibility constraint:
By using the relations of Chebyshev polynomials we find
TD optimal control problem reformulation
Now we are in a position to generalize the preceding method for the optimization of linear TD systems; taken together, Eqs. (51), (49) and (52) form the following QP problem which can be easily solved by standard numerical methods such as the quadprog function in MATLAB:
Our task is to determine the matrices Ξ, Λ and b for the problem and then construct the QP solver.
Remark 1
In a linear time-invariant TD system, E(t), F(t), G(t), H(t), V(t) and W(t) are matrices of constants, that is,
, we simply have
3.4. Remark 2
where [ ] denotes greatest integer value (see [17] ) or we can use some approximations produced by numerical manipulations.
Remark 3
For a system described by (26)-(28) with time-invariant weighting matrices in the PI, the entries in Q(t) and R(t) are constant and J = x (t)Qx(t) + u (t)Ru(t) dt; thus the matrix Ξ in (56) becomes
Numerical examples

Example 1
Consider a simple example to illustrate the method. A TD system
is to be controlled to minimize the cost functional
Find the optimal control, state and cost. t f = 2, so first we define = t/2. We then select k = 2 and M = 4. Consequently, by (37)
Since x = 1/2, it follows from (14) and (15) that n dx = 1 and
Clearly,
Using (1) and also (53) and (54) yield, in turn,
By constructing the matrices P and L and putting all the findings on (59), (60) and (61), we solve the QP problem by calling quadprog in MATLAB. Also, we solve this example for different order of approximations and a comparison of the optimal costs is made in Table 1 . The time histories of the optimal control and states for k = 2 and M = 5 are depicted in Fig.1 and it is clear that the optimal control compares very well with that was presented in [7] . However, as we see in Table 1 , by changing k = 3, we get a better result and this means that by increasing the number of subintervals, we can obtain more accurate results. In [18, p. 117] , the author has used linear Legendre multiwavelets to solve this problem; the graph of optimal control which obtained by using k = 3 has a slight similarity with referenced graph which given by Banks and Burns in [7, p. 194 4.1.1. Solving Example 1 with terminal inequality constraints Consider the terminal inequality constraints which Lee in [11] imposed to this system, as
To solve this problem, we must rewrite (65) in the standard form: Λ i.e z ≤ b i.e . We write the inequality as 
Example 2
Let us illustrate the application of remark 2 with a simple first order system containing delays in state and control variables. Given a TD systeṁ
and the PI
Obtain the optimal control, state and PI. We choose k = 6 and M = 8; according to remark 2, consider two approximation cases: the first case which based on [17] We solve the problem for the two cases. From the new proposed expansion in (42) for case II, we form
Constructing Ξ, Λ and b, we then obtain the solutions by using the interior-point-convex algorithm in MATLAB.
The optimal performance indices computed by the present method for each of the cases and the optimal PI which obtained in [17] are given in Table 2 . The time histories of u * (t) and x * (t) for the two approximations are depicted in Fig.2 . We know from experience that the exact optimal state or control (if available) for a TD system is a piecewise-defined function, in which the boundary point(s) (or some of these points) is (are) exactly equal to the delay(s). As we see in the optimal trajectories of Fig.2 , for the first approximation, irrespective of the unexpected jump near the point t = 0.3, one obvious boundary point is t = 0.6875, while for our approximation is t = 21/32 that is closer to the control delay t = 2/3; also in the optimal controls, this point for the first and second cases is located at, in turn, 0.3125 and 11/32, which our result is closer to t = 1/3. These comparisons of two approximate solutions show that the second case is a better approximation and it provides more accurate results. 
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Example 3
This example was first studied in [8] . We are interested in finding the optimal control and state which when applied to a TD system expressed bẏ
gives an optimal PI J * described by
We approximate x(t) and u(t) by dividing the time interval [0, 1] to four subintervals (k = 3) and by mean of 4th degree polynomials (M = 5). Formula (14) gives n dx = 2 and n du = 1, hence according to Eqs. (42) By using the expansion of t and t 2 , substituting the computed matrices in (56), (57) and (58) and calling quadratic programming in MATLAB, we thus obtain the solutions. In Table 3 , a comparison is made between the numerical results of J * obtained by this approach and those reported in [8] , [20] , [21] and [22] . The optimal curves are plotted in Fig.3 and it is obvious that the solutions of this approach represent smooth graphs. The simulation curves derived by this new algorithm which based on Chebyshev polynomials are much better than those which presented in [21] by using Bezier curves; the obtained graphs in [21] are hardly plausible solution curves. 1.56224136508 This research k = 3 and M = 7
1.56224137354
For k = 3 and M = 7 we obtain Figure 3 . Optimal states and control for Example 3. , 1], and 
Example 4
This problem was first studied in [20] . The problem is to find the optimal control u * (t) which minimizes the PI
subject toẋ
We choose k = 7 and M = 5; in a similar manner as explained in Example 3, we construct the required matrices and also we use the inverse time operational matrix of Chebyshev wavelets which described in (17) . So, the obtained results are plotted in Fig.5 . The optimal value of the PI by the procedure is given in Table 4 and for purposes of comparison we can find the estimated values of the PI which reported in [20] and [23] . As can be seen, it should be obvious that the method is so accurate whereas the derived graphs appear smooth; this fact shows the effectiveness of the proposed method. 
Example 5
Consider a linear time-varying system with different delays and terminal times described by (see [24] )
This system is to be controlled to minimize the PI
where the delay and terminal times are as the following three cases:
Since the delay and terminal time are changed, n dx and consequently A and D x will be changed; this affects on the optimal PI J * . In case 1, when we solve the QP problem, then by just changing A and D x according to the new value of x , we are able to solve case 3 of the problem and this is a distinct advantage of the method over some conventional methods. Selecting k = 5 and M = 8, then the values of J * by the method are reported in Table 5 and the optimal states and controls shown in Fig.6 . Because of the nature of the control cost expression u 2 (t), we have to pay higher cost for larger energy consumption. As one can see, the values of delay and final time play a significant role in reducing J * ; these facts lead us immediately to the conclusion that a TD system with a longer terminal time probably have more opportunities to be controlled with lower energy cost by using little energy. 
Example 6
This example is adopted from [25] . Consider a TD system which contains multiple delays as follows:
We want to find the optimal control u * (t) which minimizes
subject to Eqs. (83)- (84) with t f = 16 and different delays as Case 1. τ 1 = 1, τ 2 = 2, h 1 = 0, and h 2 = 2, Case 2. τ 1 = 1, τ 2 = 2, h 1 = 1, and h 2 = 2.
Here, the state equation isẋ(
Since we have two state delay, we need to define two column vectors as A 1 and A 2 in order to expand (84) by (42). Therefore in (57)-(58), we set Λ 11 = t f (P Ẽ +P F 1D 1x + (P ⊗ F 2 )D 2x ) − I qs ,
. By choosing k = 6 and M = 8 and using these results, Fig.7 shows the results of our approximations.
As mentioned previously, by changing the values of the delays, the optimal value of the PI J * varies considerably regarding the optimal final state x * (t f ) (this directly affects on the optimal value of the terminal PI) and control u * (t). In case 1 we find J * = 0.135229 and in case 2, J * = 0.081048. 
Example 7
This problem was studied in [1] . A second order linear time-varying multi-delay system expressed by
Calculate the minimum value of J. After rescaling the time interval by setting = t/3, the problem converted to finding u * ( ) and x * ( ) which minimize
subject tȯ
Using the procedure in case II of Example 2, we set x1 ≈ 21/64, x2 ≈ 17/64, and u ≈ 11/64 to obtain more accurate results; hence we choose k = 7. By selecting M = 5, 8 and using the proposed approach, the QP is solved in MATLAB within, in turn, 2.311 and 4.324 seconds. x * (t) and u * (t) are plotted in Fig.8 . As mentioned in section 4.2, for the optimal state x * 2 , one boundary point seems to be t ≈ 0.5, while we find x * 2 on the interval [0, 0.5] as the piecewise-defined function containing eleven sub-functions. Although increasing the number of subintervals is undesirable, accurate information about the location of boundary points and the values of sub-functions is important so that by using a smooth curve fitting technique, we can replace the piecewise-defined function by an alternative function; for example, x * 2 (t) ∼ = g(t), t ∈ [0, 0.5]. In Table 6 a comparison is made, so it is found that the results of applying this method are in good agreement. 
Example 8
Consider an example of a typical control problem occurring in the chemical and petroleum industries with transport lag introduced by D.W. Ross [26] . This problem also investigated in [27] by using Lyapunov redesign technique for linear TD systems. The system described bẏ 
where x(t) = [x 1 (t), x 2 (t), x 3 (t), x 4 (t)] and u(t) = [u 1 (t), u 2 (t)] ; the performance criterion is 
where we have 
We first determine the value of k. Since the proposed method does not deal with infinite time problems, we consider the finite horizon version of this problem; so, assume t f = 8. We select k = 5 and M = 8. By using Remarks 1 and 3 and implementation of the algorithm in MATLAB, we solve the problem easily. The optimal states and inputs as Fig.9 are obtained. We can see in the obtained curves that the convergence rate of the presented method is higher than the convergence rate of the method developed in [27] . 
Conclusion
In this paper a state and control parameterization method is introduced to solve optimal control of linear timevarying multiple delays system which containing inverse time. We have transformed the original TD problem into a new one and obtained the optimal trajectory, control and PI by solving a simple QP problem instead of using of such techniques can lead to major difficulties, such as the generalized Riccati method. The problems with combined state and control constraints can be handled by this method. Furthermore, since the method can incorporate the initial and final conditions and interior point constraints directly into the algorithm, there is no need for the separate operations of applying these conditions to the obtained solutions. In a minimum-energy system, it is interesting to see how changing the parameters like terminal time, lags and control weighted matrix affects on the PI. An efficient method for solving a TD optimal control problem should easily be able to resolve the problem for various cases, such as changing the values of delays, initial vector functions and weighting matrices; the proposed method has fairly this capability. Also, illustrative examples demonstrate that this wavelet-based method compares very well with other methods in the accuracy and order of approximation. It is worth mentioning that the convergence of the method is clearly evident in the obtained curves. The presented QP model of a TD optimal control problem has a very simple structure and implementation of it is easy and convenient. As we have seen, it is important to find accurate information about the solutions in terms of the location of boundary points and polynomial equations of sub-functions to achieve high accuracy. Since the product of the delays and the number of subintervals are not often integers, the accuracy of the method may vary with the choice of k. We have seen that the accuracy may be improved by increasing k. Of course, this enhanced accuracy is usually obtained at a cost-namely, increased computation time; hence future work includes improving the choice of k to match systems with different delays.
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